We present new estimates of the Boltzmann collision operator in weighted Lebesgue and Bessel potential spaces. The main focus is put on hard potentials under the assumption that the angular part of the collision kernel fulfills some weighted integrability condition. In addition, the proofs for some previously known L pestimates have been considerably shortened and carried out by elementary methods. For a class of metric spaces, the collision integral is seen to be a continous operator into the same space. Furthermore, we give a new pointwise lower bound as well as asymptotic estimates for the loss term without requiring that the entropy is finite. (2000): 46E35, 47J05, 47G20, 76P05, 82C40
Introduction
The classical Boltzmann equation
describes the time evolution of the distribution density f (t, x, v)
for a monoatomic dilute gas of particles (see [CIP] ). Here R + denotes the set of nonnegative real numbers and Ω ⊂ R 3 is a domain in physical space. The right-hand side of equation (1.1), known as the collision integral or the collision term is a quadratic operator:
Q(f, f )(v) = R 3 S 2 B(v, w, e) f (v )f (w ) − f (v)f (w) de dw .
(1.2)
Note that Q(f, f ) depends on t and x only as parameters, so we have omitted this dependence in (1.2) for conciseness. The symmetric form of the bilinear Q is given by Q(f, g)(v) = 1 2 where u = v − w denotes the relative speed. Note that this describes elastic collisions, i.e. momentum, energy and the Euclidean norm of the relative speed are preserved:
, |v − w | = |v − w| . (1.5)
The Boltzmann equation (1.1) is subjected to an initial condition
(1.6) and to the boundary conditions on Γ = ∂Ω. If the distribution function does not depend on x, (1.1) and (1.6) reduce to the initial value problem for the spatially homogeneous Boltzmann equation
The kernel B(v, w, e) reads B(v, w, e) = B(|u|, µ) = |u| σ(|u|, µ), µ = cos θ = (u, e) |u| .
(1.8)
The function σ : R + × [−1, 1] → R + is the differential cross-section and θ is the scattering angle. We briefly present some types of collision kernels frequently considered in the Boltzmann theory:
1. Inverse power potentials. In this model, the particle interaction is described by potentials of order m and the kernel acquires the form The condition (1.10) implies that the function b λ (µ)(1 − µ) is integrable on the interval [−1, 1]. For 0 < λ ≤ 1 the potential is called hard, for −3 < λ < 0 the potential is called soft.
The special case λ = 0 in (1.9) (or m = 4) corresponds to the Maxwell pseudomolecules with
The collision kernel B(|u|, µ) here does not depend on the relative speed |u|.
2. The Grad's cutoff assumption (see [Gr] ) supposes the function b λ to be integrable, i.e.
(1.12)
3. In many practical applications, the interaction is considered to be independent of the scattering angle, as described by the Variable Hard Spheres model (VHS)
The model includes as particular cases the hard spheres model for λ = 1 14) where d denotes the diameter of the particles and the isotropic Maxwell pseudomolecules for λ = 0. (see e.g. [Gu1] , [Gu2] and [MV] ) to impose angular cutoff conditions on b λ (µ). By this, we mean that both frontal and grazing collisions are neglected:
REMARK 1.1 For the study of the bilinear operator, it is common
For Q(f, g) we will impose the following growth condition instead, which is clearly fulfilled for angular cutoff kernels:
It is worth noting that the quadratic operator Q(f, f ) and the symmetrized operator (1.3) can be rewritten with b λ replaced bỹ
where 1 A denotes the indicator function of the set A (see e.g. [ADVW] 
is then fulfilled automatically. Furthermore, we have C
λ,1 = 2 λ/2 C λ . Another estimate for Q(f, g) can be obtained by the more restrictive assumption In the cutoff case, the collision integral (1.3) decomposes into the natural gain and loss part
where
and 21) and analogously for the non-symmetric operator Q(f, g). Before we start the study of the mapping properties of the operators Q + (f, ·) and Q − (f, ·), we discuss results known from the literature. Thanks to the pre-post-collisional change of integration variables, 22) the weak form of the bilinear collision integral is given by
A very important property of the collision operator is the invariance under rotations and translations in velocity space.
The mapping properties of the collision operator were studied by several authors. This investigation started in [Ar] , [Gu1] and [Gu2] in the setting of weighted Lebesgue spaces for kernels with angular or Grad's cutoff condition.
Because of the structure of the collision transformation (1.4), especially the gain part has ever drawn the attention of researchers to itself. In [Li] , the application of results known from the theory of pseudodifferential operators made it possible to prove that the gain term has a smoothing effect, if the collision kernel B is infinitely smooth and compactly supported with respect to µ and the Euclidean norm of the relative speed u. In the sequel, the assumptions on the kernel were relaxed. In [We] , by use of the weighted Radon transform it was shown that similar results hold also for kernels without finite support in u, if 1/2 < λ ≤ 1 and with additional integrability conditions for the distribution function. In [BD] , it was assumed that for some constant K
with continous ∂ µ B. Similar assumptions were made in [Lu] , where, in contrast to the previously mentioned papers, it was not required that the distribution function is in L 1 . In [DR] , smoothness of b λ was only assumed in the sense of the Bessel potential space H a 1 ([−1, 1]) for some a > 1 (see Theorem 3.6 for an extension of the main result there). Finally, the recent work [MV] requires only Grad's cutoff assumption together with the condition, that there exists some δ > 0 such that
to develop an elaborate regularity theory for the spatially homogeneous equation. Note that in contrast to (1.15), this condition is independent of p.
The motivation for finding estimates on the collision operator is to study integrablity and regularity properties of the solutions to the initial value problem (1.7). For example, the fact that the loss term has no smoothing effect implies, that no appearance of smoothness can be expected in finite time. However, if the initial datum is smooth, then the smoothness propagates ( [MV] ).The question arises if the situation is different for non-cutoff kernels. First steps towards that direction have been done in [DW] , still for kernels with quite technical additional constraints.
Also, for the theoretical foundation of deterministic numerical schemes, knowledge about the mapping properties of Q can help to find suitable approximating functions and to establish corresponding consistency results.
The plan of the paper is as follows:
In section 2 we give the definition of the function spaces considered in this paper and collect some auxiliary results frequently used in the following sections.
In section 3 we investigate the mapping properties for the gain part of the collision operator for hard potentials with 0 ≤ λ ≤ 1. A class of metric spaces is introduced, for which the gain term is a continous mapping into the same space. We recall one of the main results given in [DR] which also includes some soft potentials and present an extension. Using interpolation results for Bessel potential spaces we derive a heterogeneous mapping property for the weighted Lebesgue spaces.
Analogous estimates are then proved for the loss term in section 4 and combined with the results for the gain term to retrieve mapping properties for the full collision operator, which is the main goal of this paper. We also tried to make all constants in the estimates explicit, except for those appearing by interpolation. We conclude with the presentation of a pointwise lower bound for the linear part of Q − -the so-called collision frequency -which holds without the assumption, that the entropy is finite.
Function spaces and auxiliary results
We start this section with the definition of the function spaces under consideration using the following standard notation for the weight function
stands for the weighted Lebesgue space endowed with the norm
As usual, we will write
and by default we will assume R 3 as the underlying Euclidean space. S denotes the Schwartz space of all infinitely smooth and rapidly decreasing functions, the elements of dual space S are called tempered distributions. The weighted Bessel potential space H 
In the special p = 2, ν = 0, the norm in the space H s = H s 2 acquires the simpler form
For non-negative integers m = 0, 1, 2, . . . the weighted Bessel potential space H s, ν p is isomorphic to the classical weighted Sobolev space
endowed with the norm
, where
We collect some properties of the Boltzmann operator as well as some inequalities which we shall frequently use.
LEMMA 2.1 (see [DR, Lemma 3] ). The invariance under Galilean transformations implies
and yield the following boundedness properties:
The following lemma is a collection of some useful elementary inequalities:
the following inequalities hold: a) Peetre's inequality:
or equivalently
b) Let v , w be the post-collisional velocities given by (1.4), then
14)
where m ν = max(1, 2 1−ν/2 ) and M ν = max(1, 2 ν/2−1 ).
Results similar to the following one are standard in the context of the Boltzmann equation (see e.g. the "Cancellation lemma" in [ADVW] ). For the sake of self-consistency, we present the proof:
LEMMA 2.3 Let the collision kernel be of the form (1.9) and w be defined as in (1.4)
fixed. Then for all γ ∈ R and any function F the following identity holds
provided that the integrals on the right-hand side exist.
Proof. Let v ∈ R 3 be fixed and define
|v − w| and z = w = 1 2 v + w − |v − w|e .
One computes
We have
Multiplying the identity
with e and taking the square one finds 4|v − z| 2 µ(z, e) 2 = |v − w| 2 (1 + µ(w, e)) 2 , giving µ(w, e) = 2µ(z, e) 2 − 1 , |v − w| = |v − z| µ(z, e) and det dw dz = 4µ(z, e) −2 .
With this we can change the integration variable from w to z noting that as w varies over R
3
, z varies (for given e) over the half space given by the condition µ(z, e) ≥ 0.
de dz .
To treat the inner integral we parametrize the half sphere {e : µ(z, e) ≥ 0} as follows: Let U be an orthogonal 3 × 3-matrix with (v − z)/|v − z| being the third column and
and we retrieve the desired result:
The gain part of the collision operator
In the present section we will obtain estimates for the gain part of the collision operator, assuming that the collision kernel satisfies either Grad's cutoff condition (1.12) or one of the conditions (1.15), (1.17) and (1.18). For the sake of conciseness we will frequently use the notation
Estimates as given in the following theorem have also been proven in [Gu1] , [Gu2] and [MV, Section 2] for kernels with angular cutoff. To our knowledge, the proof presented here is the most elementary one.
THEOREM 3.1 Let the condition
with a constant C s depending only on the smoothness parameter s and such that C 0 = 1.
Proof. We start with the simplest case s = 0 and p = 1. Using (1.15), the weak form of the gain part and inequalities (2.12), (2.13) and (2.10) we find
For p > 1 we will use the inequality
which is immediately deduced from (1.5), (2.10) and (2.12). For the case p = ∞ we find
Since we assume (1.15), we can apply Lemma 2.3 with γ = 0 to the last expression and obtain
.
(3.6)
The case p = ∞ is also completed. Now let 1 < p < ∞ and set p = p/(p − 1) so that 1/p + 1/p = 1. Using (3.4) and the Hölder inequality we proceed as follows
ess. sup
Applying Lemma 2.3 to the first factor in the last expression and using (3.3) for the second one, we obtain
and (3.2) follows for the case 1 < p < ∞ as well. The case s = m = 1, 2, . . . is reduced to the case s = 0 if we apply an equivalent norm in the Sobolev space
and (2.7): 
is continous and the estimate
holds.
The second continuity result for Q + is obtained directly under stronger assumptions on the angular part of the collision kernel but we are rewarded with some refinement with respect to the norms of f and g. Note that the restrictive condition (1.18), makes sense only if f = g. 
given by (1.20) is bounded
(3.14)
Proof. Due to symmetry it is enough to prove only one of inequalities (3.14) or (3.15).
In the second summand of
we replace the variable e by −e which implies that µ is replaced by −µ and v and w are interchanged (this is indeed the idea behind the symmetrization leading to (1.16)). For 1 < p ≤ ∞, this together with (3.4) gives as in the proof of Theorem 3.1
For s = 0 the proof is completed as in Theorem 3.1.
The following result gives a pure H s, ν p -estimate for the gain term. Note that we need stronger conditions on the weight but the reward is that we require only Grad's cutoff assumption for the collision kernel and therefore the result holds in particular for the VHS model for all p. The case p = 1 is already treated in Theorem 3.1 so it is omitted. THEOREM 3.4 Let the condition (1.12) hold, 1 < p ≤ ∞ and ν, s ≥ 0. Then for any γ > 3/p + λ with p = p/(p − 1) the mapping
is continous and the following estimate holds (3.18) with the constant C λ,γ,p depending only on the indicated quantities and C s as in Theorem 3.1.
Proof. Since both f and g are assumed to belong to the same space, it is enough for the proof to consider the non-symmetric form of Q + . Similarly to the previous proofs we have for 1 < p < ∞ using (2.10)
where we used that γ − λ > 0 and so by (2.12) we have the inequality
and applying Hölder's inequality to the inner integral we obtain
The second integral in (3.19) decomposes into the integral over S 2 , controlled by Grad's cutoff assumption, and the integral with respect to w, which is finite whenever p (λ − γ) < −3 as it was assumed,
Thus we have
and the estimate follows using (3.3). The case p = ∞ is simpler: (3.21) and the integral with respect to w is bounded since for p = ∞ we assume λ − γ < −3. The result for the Bessel potential spaces follows as in the proof of Theorem 3.1. Let us consider the spaces
which can be endowed with the standard metric
A continuity result holds also for these metric spaces:
THEOREM 3.5 Let the condition (1.15) hold, 1 ≤ p ≤ ∞ and s ≥ 0. Then the operator
is continuous: For any sequences {f k }, {g k } with
it follows
Proof. The convergence (3.25) follows from the equality
from Theorem 3.1 and the fact that the sequence g k − g converges to 0 and therefore is uniformly bounded in each H s, ν p . Requiring some moderate smoothness for the angular part of the collision kernel, one deduces the following smoothing properties of the gain term: THEOREM 3.6 Let Grad's cutoff condition (1.12) hold and, in addition, (3.27) then the operator
is continuous; (3.29) then the operator
is continuous.
Proof. By definition (2.3), we have
and from (2.12) we deduce for s = 0
So the problem is reduced to the case ν = 0 which was proven in detail in [DR, Theorems 7 and 10] by use of estimates for the adjoint operator Q * + .
REMARK 3.7
Note that the continuity property (3.28) implies the following continuity result
In fact, (3.32) for ν = s = 0 follows from (3.28),
The case ν = 0 is tackled by splitting the weight as in Theorem 3.6 above and the case s = 0 by the interpolation as in [DR, Theorem 10] .
From the smoothing property (3.32) we derive a heterogeneous continuity statement for the gain term. In a different context a similar result was proved in [MV, Theorem 4 .1].
COROLLARY 3.8 Let 1 < p < ∞ and the conditions (1.15), (3.26), and (3.27) hold. Then the operator
is continuous: There exists a constant C λ,p,q,ν,r such that
holds, provided
Proof. From (3.32) with ν = s = 0 we see that
and the continuity (3.2) with ν = s = 0 yields
Note that the latter continuity holds already for γ ≥ λ. By applying the complex interpolation [Tr, 2.4.7(2) and 2.3.5(2)] we derive the continuity
The embedding
(see [Tr, 2.7 .1(2)]) adapted to the present situation gives 42) which holds under the condition (3.36) (see [Tr, 2.7.1(2) ]. Combining this with the continuity (3.40) yields
which is the same as the continuity (3.34) for p = 2 and ν = 0. The constant C λ,p,q,ν,r contains the constants of the continuity estimates (3.37), (3.38) and the embedding (3.42). For p = 2 we get the continuity (3.34), ν = 0 directly from (3.37) and the embedding (3.41). For ν > 0 the continuity (3.34) follows if we apply the weight splitting as in (3.31).
The loss part of the collision operator
In the present section we will obtain upper and lower estimates on the loss part Q − (f, g) of the collision operator. For collision kernels with cutoff the loss part can be written as
where L, also called collision frequency, is a linear convolution operator
THEOREM 4.1 Let the condition (1.12) hold, 1 ≤ p ≤ ∞, ν ≥ 0 and s ≥ 0. Then the operator
is continuous
with a constant C s depending only on the smoothness parameter s and such that C 0 = 1. Similarly to (3.24) and (3.25) the operator
Proof.
The proof is similar to the case of the operator Q + but yet simpler (cf. Theorem 3.1), with obvious sup-norm modification for p = ∞:
The case s > 0 is derived from this in the same way as in the proof of Theorem 3.1. We now consider the symmetrized form of the collision operator. Combining Theorems 3.3, 3.5, 4.1 we immediately obtain for the full collision operator: Replacing λ by λ − m we can apply the part already proven. is continuous for arbitrary s ∈ R.
The next result is the counterpart of Theorem 3.4 for the loss term. Again it turns out that the proof is much simpler.
REMARK 4.8 In view of previously known lower bounds for the collision frequency,
we state the following: 1. In [Ar, Lemma 4] and [Mas, Lemma 3.1] it was proven that
where the contant M depends on λ, f | L 2 1
and the entropy
The lower bound given in Lemma 4.7 vanishes on the sphere with radius f | L [Bo] , that the solution f (t, ·) to the initial value problem (1.7) fulfills
The validity of the bound in Lemma 4.7 is not restricted to a given initial value problem.
The next result shows that the estimates in Lemma 4.7 and Theorem 4.5 are asymptotically precise. On the other hand, applying Peetre's inequality (2.10) we find 
